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It is an open question whether a finite group G admitting a fixed-point-free 
automorphism f is solvable. Thompson [ 71 has proven that G is nilpotent if 
,f has prime order. Gorenstein and Herstein [5] have proven that G is 
metanilpotent if f has order 4. We generalize this latter result and prove: 
‘rHEOREM 1. Let G be a finite group admitting a fixed-point-free auto- 
morphism f of order 2p for a prime p. Then G is solvable if one of the following 
conditions holds: 
(I) C,( f “) is a 2-group. 
(II) C,( f 0) contains a Sylow 2-subgroup of G. 
The proof of (I) is almost trival, since finite groups which are the product 
of two nilpotent subgroups are solvable, see Kegel [6]. The proof of (II) is 
based on 
THEOREM 2. If G is a jinite group generated by a class D of con&gate 
involutions such that different elements of D never commute and the centralizer 
of an element of D is 2-closed and 2’-closed then G is solvable. 
Theorem 2 implies that finite groups of odd order are solvable (Remark 2.2); 
but we make use of the theorem of Feit and Thompson [3] and the theorem 
of Brauer and Suzuki [2]. 
Because of (II), we always can find “large” proper subgroups of non- 
solvable groups admitting fixed-point-free automorphisms of order 2p. 
For the proof of (II) we need informations about the Sylow 2-subgroups of 
solvable groups admitting fixed-point-free automorphisms of order 2p 
(Lemma 3.4). 
In the proof of Theorem 1 we consider a normal complex of involutions D 
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generating a group H such that different maximal subsets of D generating 
a 2-group have no element of D in common. If a group N with this property is 
solvable in general groups admitting a fixed-point-free automorphism of 
order 2p would be solvable. Theorem 2 gives a solution of this question 
in a special case. \Ve treat two other special cases: 
THEOREM 3. Let G be cc finite group generated by a cluss of conjugate 
inaolutions II such that each element of I) normalizes esuctly one Sylow 
p-subgroup of G fey all primes p. Then G’ is a nilpoteut group of odd order. 
'I'IIEOHELI 4. Let A’ be a proper normal subgroup of thejkite group G and d 
a 2-element of G such that 
(a) G = N(d) and IV (7 {d) = I; 
(b) if S and S* aye different Sylow 2-subgroups of G then S n S* G AK. 
Then N is 2-closed. 
h-OTATIONS 
JI number of elements in a set 151; 
{An; 1 subgroup generated by all x...; 
[n; . ..I set of all x with . . . . 
[G : i ‘1 index of lj7 in G; 
G commutator subgroup of G; 
Z(G) center of G; 
-VA4( 7’) normalizer of 7’ in IV; 
C,(T) centralizer of T in M; 
G{f) (split) extension of G in the holomorph of G with the cyclic 
group generated by the automorphism f of G; 
n-group (o-element) : group (element) such that the primes dividing the 
order arc contained in the set C; 
0’ set of primes not in a; 
a-closed groups in which the product of a-elements is a u-element; 
Hall u-subgroup : a-group containing for each prime p E CJ a Sylow 
p-subgroup of G; 
R” = x-l‘p = g G x. 
I. A CHARACTERISTIC SUBGROUP OF SOLVABLE GROUPS 
Let G be a finite solvable group and let p be a prime. Then we define 
p,(G) = (5’; S is a Sylow p-subgroup of G’,\. 
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LEMMA 1. I. Let G be a finite solvable group and let p be a prime. Assume 
that G is generated by a class of conjugate elements D of ordeer p. Then the 
following statements hold: 
(a) If M is a normal subgroup of G such that different elements of DM/M do 
not commute, then M contains p,(G). 
(b) Different elements of Dp,(G)/p,(G) do not commute. 
(c) Let T be a maximal subset of D generating a p-group; then p,,(G) is the 
normal closure of {T) n G’ in G’. 
Proof. Since G’/p,(G) is a p’-group and G is generated by a class of 
conjugate p-elements, (6) is true. 
Let G be a group of minimal order such that (a) is false. Since G is solvable, 
G contains a minimal normal subgroup M which is abelian. We have to 
show that G/M is a PI-group. Let N be a normal subgroup of G containing 
M such that Y/M is a minimal normal subgroup of G/AZ. Then the minimality 
of G implies that (G/AT) is a p’-group. Since different elements of DM,‘M do 
commute, N/M is contained in Z(G/M). Since G’/K is ap’-group, we get 
for the subgroup H of G’ containing M and the $-elements of G’. Hence H 
is normal in G. Since DM/M is a class of conjugate elements, we get 
DM/M = dHM/M 2 {dH/M}. 
This contradiction proves (a). 
Let T be a maximal subset of elements of D generating a p-group. Let M 
be the normal closure of {T} r\ G’ in G’. Let d and e be elements of D such 
that {e, d}M/M is a p-group. Then 
{e, d}M/M ‘v (e, d}/M n (e, d}. 
Now, the definition of M implies that {e, d}M/M has order p, and hence 
dM/M = eM/M. 
Therefore different elements of DM/M do not commute. Hence (b) implies 
M~P,(@. 
Since M is contained in p,(G) the proof of Lemma 1.1 is complete. 
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2. PROOF OF ‘hEOKEM 2 
We assume in this section that G is a finite group with the properties 
(ij G is generated by a normal complex D of con&gate involutions; 
(ii) diffeerent elements of D do not commute. 
Remark 2.1. If G satisfies (i) then condition (ii) is equivalent with 
(ii’) the product of (different) elements of D has odd order. 
Proof. LVe assume that (ii) is true. Let u and b be different elements of 11. 
Then {a, b) is a dihedral group. If a and b arc not conjugate in {a, b} there is 
an involution 2 in Z({a, b}) that is different from a and 6. Then b and za f a 
are conjugate in {a, b}. Hence za belongs to /1 by (i). But a and az commute, 
which is impossible because of (ii). 
Of course (ii’) implies (ii). 
(2.A) D is a class of conjugate elemenfs of G. If M is a normal subgroup 
of G with 1 h!ID/M / ,:,; 2 and if L is a subgroup of G with 1 C; n D / :; 2 then 
(i) and (ii) aye true .for G/M and { 11 n D). 
Proof. (2.A) is a trivial consequence of Remark 2.1. 
(23) If d is an element of D then C,(d) contains each Sylow 2-subgroup 
of G containing d. 
Proof. Let S be a Sylow 2-subgroup of G containing d. Then (2.A) 
implies ~ S n D i = I and d is contained in Z(S). 
DEFINITION. Let i be an automorphism of‘ G and assume ii = 1. Then Di 
is the set of elements of D centralized by i. Let a be an element of Di . Then we 
define 
-+Ji.,, -: [,x E D; (i.xi, x) n Di = a], 
where ixi is the image of x under transformation by i. 
(2.C) Let i be an automovphism of G with i2 = 1 and let a be an element of 
Di . Then the following statements holds: 
I; 
I) :_ A . 
/ D j = 1 _1;:‘,I ,;:,. 
(c) A,,I, == {A,,:,} n i; ’ 
(4 Di --- Ai,,, . 
Proof. \Vc gave a proof of (2.C) in a similar situation in [3, proof of 
Satz 4.1, steps (7), (lo), (1 I)]. Therefore we indicate only some points of the 
proof. 
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If .X is an element of D it is contained in exactly one Ai,a(r, : This is 
trivial if x is contained in ni ; if x is not contained in Di the group {x, ixz’> 
is a dihedral group and i fixes exactly one element of (x, i.lci} n D, since (2.B) 
implies that the Sylow 2-subgroups of {x, ;) have either order 2 or 4. Because 
of (2.A), n, is a class of conjugate elements in {Oi}. Hence we can show 
w E {Di}, 
Hence (a) and (b) are true. Since in fixes the element a and no other element 
it’ Di , we get (d). Now, (d) and (2.A) imply (c). 
(2.0) If 0 is a Sylow q-subgroup of C,(d) for an element d of D then Q is 
contained in a Sylow q-subgroup P of G mhich is normalized by d. 
Proof. We assume that G has minimal order such that (2.D) is false. 
If G is solvable we get a contradiction from Lemma I. 1 and the theorems 
of Hall. If G’ has odd order (2.D) is trivial because of the Frattini argument. 
Hence G’ has even order. The lemma of Burnside [8, p. 1691 and the 
theorem of Brauer and Suzuki [2] imply that there is an involution t in G’ 
which is not contained in D. Since G is minimal, (2.C) implies that D, 
contains more than one clement. Let P be a maximal q-subgroup of G such 
that d normalizes P and Q is contained in P. Because of (2.C), either C,(d) 
or {.qt,(,} or {-41n,,,} for an element a of n, contains a q-subgroup which is 
different from I. Hence (2.C) and th e minimality of G imply that P contains 
more than one element. Because of (2.A), the Frattini-argument shows 
JJG(P) = PwwNG,,,(a) for a E ND(P). 
Let R be a Sylow q-subgroup of C,Go,(a) containing C’,(a). The latter 
equation shows that PR is a Sylow q-subgroup of N,(P) normalized by a. 
Since C,(a) is a Sylow q-subgroup of C,(a), the maximality of P implies 
1’ = PR. Hence P is a Sylow q-subgroup of G. This contradiction proves 
(2.D). 
(2.E) Let t be an automorphism of Gsuch that t” = 1 # t and C,,(t) 2 C,,(d) 
for an element d of C,,(t). Then {Dt}’ and {Ddl}’ are normal subgroups of G. 
Proof. M7e can assume that d and t are different elements of H = Gjt}. 
Then C,(dt) contains C,(d). Set w = t or dt and z: = dt or t. The hypothesis 
implies together with (2.C) 
and 
I A,,,, I = [Cc44 : C,(d)] 
, D j = [G : C,(d)] = [G : Cc(w)][C,(w) : C,(d)] 
= I -470 II A,., I = [Cc+) :C,(d)l[C,(w) : C&Q. 
Hence 
/ wH 1 :_ / wG ~ = [C,(z) : C,(d)] = I ‘&,‘,d ,. 
Now, (2.C) implies 
{WHY = Vd.J’. 
Since (zuH}’ is normal in tl, we get (2X). 
(2.F) z3ssume that C,(d) for an element d of D is 2-closed and 2’-closed. 
Then G is solvable. 
WC assume that G is a group of minimal order such that (2.F) is false. 
(1) G’ =: G” is a minimal normal subgroup of G. 
Z’yoof. Let 111 bc a minimal normal subgroup of G contained in G’. 
Then C,(d) is 2-closed and 2’-closed. If (1) 1s a se WC‘ get that M is (contained f 1 
in Z(G) or) solvable. (2.A) and (2.B) imply for each element x of D 
P = M(x) n D. 
Hence 
! D\ = )A+)) DM:‘iZI] for s E D. 
Another application of (2.A) shows 
j C,,,(dM/M)/ 7 1 C,(d)MiM 1. 
Hence C c,M(dM/M) is 2-closed and 2’-closed. The minimality of G implies 
that G/M is solvable. This contradiction proves (1). 
(2) Ifs is an inoolution in G and p a prime then s normalizes a Sylow 
p-subgroup of G which contains a Sylow p-subgroup of C,(s). 
Proof. We assume that (2) is false for an involution s and a prime p. 
Then p # 2 and s is not contained in /1 by (2.D). Since (2.D) implies that 
an element d of D, normalizes a Sylow p-subgroup Q* of {Us}, we get 
from (2.A) 
C,(s) z {~,JC,({s, 4). 
Hence d normalizes a Sylow p-subgroup Q, of JV~,(,~,(Q*) that is a Sylow 
p-subgroup of C,(s). Hence 
sQ,,s = Q,, == dQ,d. 
Let Q be a maximal p-subgroup of G such that 
sQs=Q =dQd2Q0. 
Because of (2.D), there is a Sylow p-subgroup P of G normalized by d. 
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We assume that Q is trivial. Thenp does not divide 1 C,(s)/. The hypothesis 
implies C,(d) = 1, since s centralizes at least one Sylow p-subgroup of 
C’,(d). Therefore (2.C) implies that D, ( ,d] contains a Sylow p-subgroup 
K of G since (0,; is a p’-group. Because of (2.D), R is normalized by n and 5. 
Hence Q is not trivial. (2.A) implies 
Since Q is not trival, we get from (1) and the minimality of G that ,X&J)} 
is solvable. The theorem of Feit and Thompson implies that C,(d) is solvable, 
since it is 2-closed. Hence N,(Q) 1s solvable. Since {s, d} is a 2-group, the 
theorems of Hall imply that there is a Hall [2,p]-subgroup II of :V&) 
containing s, d, and 0. Now, (2.A) implies 
H = {dH}C,(d). 
Because of Lemma 1.1, {dHj’ IS a p-group. If R, is a Sylow p-subgroup 
of C,(d) then R :=: {dH]‘R, is a Sylow p-subgroup of H normalized by d. 
The hypothesis implies that C,(d) IS nilpotent. Hence R is normalized by s. 
Since Q is not a Sylow p-subgroup of G, we get 
0 C R = sRs = dRd. 
Hence Q is not maximal. 
(3) Let s be an involution of 6 which is not contained in D. Tflen I),? is 
contained in exactly one maximal subset N(s) of D generating a proper subgroup 
of G. 
Proof. Let d ba an element of D,? and let M be a maximal subset of D 
containing D, and generating a proper subgroup of G. Let m be an element 
of M. Because of (2.C), m is contained in exactly one set YI,~,,~(~,~) for u(w) E D, 
Since M is maximal we get from (24) 
Therefore {m, u(m)} n D is contained in M and M = sMs. Hence (2.E) 
implies 
M c NG({rlsd,,J’) = N&{D,J’). 
Hence (3) is a consequence of (1) and the maximality of M. 
(4) Let s $; d be an involution in C,(d) for d E D. Then C,((d, s}) contains 
exactly the involutions d, s, ds. 
Proof. Let t be an involution of C,({s, d}) which is not contained in 
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;d, s]. If D, contains D,? we get D, 1 D,? since st is not contained in Z(G). 
Hence IV = D, n DSd contains more than one element. Because of 
we get from (2.E) that {II’}’ is normal in {D,) and in {ils,a}, which is impossible. 
Therefore we can assume 
D, n D,, = D, n A,Y,, j d f D, n D,? C D, 
Hence (Dl n D,S}’ is normal in {D,) and in {D,} by (2.F). From (3) and (1) 
we get N(s) = N(t). But {D, n Dsrl] is normal in {D,) and {Drd}. Hence 
n,< c N(s) = N(t) == N(sd) 2 I),,,. 
Xow, (2.C) implies N(s) = D, which is impossible. 
(5) If S is a Sylow 2-subgroup of G then Z(S) contains exactly one invo- 
lution (Z(S) n D). 
Proof. If Z(S) contains an involution 5 i Z(S) n 11 = d then (4) implies 
that S contains exactly three involutions. Hence different elements of sG 
and different elements of (sd)” do not commute. Therefore (2.E) implies 
that is”} and ((sd)“} are proper subgroups of G. Hence (1) implies 
which is impossible. 
Sow, wc can finish the proof. Let 5’ be a Sylow 2-subgroup of G. Then 
S contains an involution s different from D n Z(S) because of (I), the 
theorem of Brauer and Suzuki, and the theorem Feit and Thompson. Then 
(5) implies that .s*’ contains an involution t mdLm s that commutes with S. Hence 
(4) implies 
5 -~ dt for d Z(S) n I). 
Let M be a minimal normal subgroup of {U,}. Then M has odd order by 
Lemma 1. I and the minimality of G. Let zu he an element of S with t m= P. Set 
C =: C,(d), I = M n {d”], J = 11”. 
Smce M is an elementary abelian p-group of odd order, the hypothesis 
implies 
M=C(&)I and iPI”’ = C (s) J. 
Because of (2) G contains a Sylow p-subgroup 1’ such that 
FINITE GROUPS ADMITTING A FIXED-POINT-FREE AUTOhIORPHISNI 107 
and C,(s) is Sylow p-subgroup of C,(s). Hence (2.C) implies 
Therefore N = (M, J> is a p-subgroup of G. Since M is normal in CD,: 
and M’” is normal in (Dt} we get from (2X) 
and AJ is elementary abelian since M is elementary abelian. Hence (3) and 
(2.E) imply that 1 is normal in {D, ,I> and J is normal in {D,< , J]. Hence N is 
a normal subgroup of G .:- {I>, , D,}, which is impossible. 
Remark 2.2. Let E be a finite simple group of odd order. There is an 
automorphism d of E ‘3 E such that E is not normalized by d and J” x I. 
If E’ ~: E then 
(E @ E)(d) = {dKaE}. 
Therefore we can apply (2.F). H ence finite groups of odd order are solvable. 
3. PROOF OF ‘I’HEOREM 1 
We assume in this section that G is a finite group admitting a fixed-point- 
free automorphismf of order 2p for an odd prime p. Let A be a subgroup of 
G normalized byf. We use the following notations: 
(i) d = fl’, k =f'. 
(ii) H = G{ f }, Zl = d”. 
(iii) S,,, is the Sylow q-subgroup of A normalized byf. 
(iv) K, = {C,(d), (S,,,)J; x E A and (S,JJd = (S,)“]. 
Remark 3.1. The following properties of fixed-point-free automorphisms 
fare well known: 
(‘) If q is a prime then G contains a Sylow q-subgroup normalized by f. 
(“) If li is a subgroup of G then f normalizes at most one element of Cl”. 
I,~xm~ 3.2. C,,c,(d) = [x Ef’; a? = d]. 
Pyoof. Let x be an element of fG which commutes with ct. Since C,(d) is 
generated by the set C,,c,(d), we get 
Cd4 = fG(4 
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and 
Therefore d = .YJ’. 
LEAi,2rA 3.3. Let q be a prime such that 
Then G contains a normal q-complement. 
Proof. We assume that G is a group of minimal order such that Lemma 3.3 
is false. Then q f 2 and Q ~:m SU,G. 7’ 1. Since Q is normalized by d, we get 
that Q is abelian. The minimality of G and the lemma of Burnside imply 
that C,(Q) is a proper subgroup of ;V(;(Q) = G. Hence there is a prime Y 
such that K = S,,, induces nontrivial automorphisms of Q. The minimality 
of G implies G = QR and Q = C,(Q). If Y -: 2 then k fixes no element of 
QR different from 1. If Y is odd then K contains no element w such that 
dwd = w--l ,L I, 
since Q = C,(Q). Hence G is nilpotent by the theorem of Thompson. 
LEMMA 3.4. If G is solvable the following statements hold: 
(a) G = ({D} n G)K;, . 
(b) rf R is a Sylow 2-subgroup of {D) then 
(c) D is a class of conjugate elements of {ED, S,,,}. 
(d) D n S,,,{d) =: d’2.c. 
(e) If S and S* are different Sylozc 2-subgroups of !-I then 
SnS*flD=qL 
(f) KG is nilpotent. 
Proof. Let q be an odd prime. Set Q = So,G . ‘Then 
QPI 1 :Q:d: n WW), 
since {d} is a Sylow 2-subgroup of Q{d}. Therefore {D}E, contains for each 
prime Y a Sylow r-subgroup of G and (a) is true. If X is a finite group let 
b(X) be the intersection of the Sylow 2-subgroups of X. Let G be a group 
of minimal order such that (b) is false. The minimality of G implies that 
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(D) contains exactly one minimal normal subgroup L of If and L is a 2’-group. 
Let B be the subgroup of G satisfying 
LCB and B,‘L = a({D>/L). 
Then C,(L) is a normal subgroup of H, since B is a normal subgroup of 
H. Since k operates fixed-point-free on C,(d), the theorem of Thompson 
implies that C,(d) is nilpotent. Because of Lemma 1. I and the assumption 
that (b) is false, D contains an element e f d which commutes with d. 
Hence C,(d) = CL(e). Since d and e induce automorphism of order 2 of 
L/C,(d), we get that de is contained in C,(L). The minimality of G implies 
that de is contained in B. Hence C,(L) #L and B contains a nontrivial 
normal 2-subgroup. This contradiction proves (b). 
Assume that d and e are different elements of D generating a 2-group. 
Let x be an element of H such that e” = d. Then (b) implies that x normalizes 
T =: jd, B({D})). Let u: be an element of NG(T) n C,(k). Then dwd = w1 
and u: is contained in {D}. Hence w = 1 and N,(T) is nilpotent. Therefore 
(c) and (d) are true. Since {D)’ is 2-closed by (b), different Sylow 2-subgroups 
of G(d) containing d contain T. Since :Vo( T) is nilpotent (e) is a consequence 
of (d). 
Because of (e), co is 2-closed. Hence k fixes no element different from 
1 of Kc . Hence (f) is true. 
We assume now that G is a nonsolvable group of minimal order satisfying 
condition (I) or (II) of Theorem 1. We prove some consequences of this 
assumption which lead to a contradiction. 
(1) G = G’ is a minimal normal subgroup of G and proper subgroups of G 
normalized by .f are solvable. 
PYOOf. Because of Remark 3.1, the subgroups of G normalized by f 
satisfy (I) or (II). If N is a minimal normal subgroup of H then C,,,(dN]N) 
contains a Sylow 2-subgroup of G/N if C,(d) contains a Sylow 2-subgroup 
of G. We assume that C,(d) is a 2-group. Let IV’ be the subgroup of G 
satisfying 
w2 N and W/N = C,,,(dN/N). 
Then W is solvable and contains a Hall 2’-subgroup L normalized by f. 
Hence C,.(d) = 1. Therefore we can assume that AW is a 2-group and W = NL. 
Then W{d)/N is 2-closed, which is impossible. Hence G/N satisfies (I) or (II). 
(2) C,(d) is a 2-group. 
Proof. Since C,(d) is nilpotent by the theorem of Thompson, it contains 
a unique maximal subgroup of CJ of odd order. We assume U # 1. Let e be 
an element of D which commutes with d. Then e is contained in C,(U) and 
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CH(e) normalizes U. Lemma 3.2 implies that d and e are conjugate in NH( L;). 
Because of i? i I and (I), N,(U) is solvable. Lemma 3.4 (d) and (e) imply 
that d and e are conjugate in each Sylow 2-subgroup of .NH( I:) containing d 
and e. If (2) is false we get from (II) that C,(d) contains a Sylow 2-subgroup 
of G. Hence Remark 3.1 implies (f =:- e. Hence different elements of 11 do 
not commute. Since CioJd) is nilpotent we can applv Theorem 2, which 
leads to a contradiction. 
(3) G contains an abelian Hall 2’-subgroup M.. 
Proof. If q is an odd prime dividing the order of G, Lemma 3.3 and (2) 
imply that a Sylow q-subgroup Q of C,(k) it not trivial. Since C,(k) is 
abelian, W,(Q) contains C,(k) and a Sylow q-subgroup P of G. Since N,(Q) 
is solvable by (l), it contains an abclian Hall 2’-subgroup IV. Let Y be a 
prime dividing the order of IV. If R is a Sylow r-subgroup of W then N,(R) 
contains IV and a Sylow r-subgroup of G. Since NJR) is solvable R is a 
Sylow r-subgroup of G. Hence (3) is true. 
Now, (3) implies that G WS,,G . The theorem of 0. H. Kegel shows 
that G is solvable. This contradiction proves Theorem 1. 
4. PROOF OF TIIEOREM 3 
We assume that G is a group of minimal order such that Theorem 3 is 
false. 
(1) G’ is not nilpotent. 
Proof. If G’ is nilpotent the minimality of G implies that G’ has even 
order. Let S be a Sylow 2-subgroup of G’. Then 
S = {S(d))’ for d E D 
and Sjd) n D is a class of conjugate involutions of S(d). Since S{d)n D 
generates a proper subgroup of ,7(d), we get a contradiction. 
(2) Z(G) = 1. 
Proof. Assume Z(G’) # 1. Then the order of G/Z(G’) is smaller than the 
order of G. Since DZ(G’)/%(G’) is a class of conjugate involutions generating 
G/Z(G’), the minimality of G and (1) imply that there is a prime p such that 
d normalizes Z(G’)P and Z(G’)Q f or d’ff 1 erent Sylow p-subgroups of P and Q 
of G. Hence I’ and Q are not contained in G’. Then G = G’(d) for d E D 
implies p = 2. The minimality of G implies that Z(G’) is a 2’-group. Since 
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d normalizes a Sylow 2-subgroup S of Z(G’)P and Sylow 2-subgroup T of 
Z(G’)Q the hypothesis implies S = T. Hence 
Z(G’)P = Z(G’)S = Z(G’)Q. 
This contradiction proves (2). 
(3) G is not solvable. 
Proof. If G is solvable G contains a minimal normal subgroup M which is 
a p-group. Hence G/M is nilpotent. Therefore G contains exactly one 
minimal normal subgroup and G’ is p-closed. Since G’ is not nilpotent, 
there is a Sylow q-subgroup Q of G’ that is not normal in G’. The minimality 
of G implies G’ = MQ. Since C,(d) for d E ND(Q) normalizes Q by 
assumption, C,(d) is a normal subgroup of G. Hence (2) implies C,(d) = 1. 
The involution d induces an automorphism of Q,/Q’ which inverts each 
element of Q/Q’. Since q is odd, there is a set I of elements of Q such that 
Q = {II and did = i-1 for i E I. 
Hence d inverts each element of 
M(i) for i EI. 
Therefore M(i) is abelian and M is contained in Z(G’). 
(4) If d is an element of D then C,(d) is nilpotent. 
Proof. Let Q be a Sylow q-subgroup of C,(d) and P the Sylow g-subgroup 
of G normalized by d. Then Q normalizes P and Q is contained in P. Hence 
Q is normal in C,(d). 
(5) Different elements of D do not commute. 
Proof. Assume that d and e are elements of D which commute. Let Q be 
the Sylow y-subgroup of G normalized by d. Then e normalizes Q and (4) 
implies 
Co(d) = Co(e) 
if q is an odd prime. Then different elements of dQ do not commute. Hence 
we can apply (2.C) for d* and {d*}. Th ere ore de centralizes for each odd f 
prime a Sylow g-subgroup of G. Hence [G : CJed)] is a power of 2. If a 
Sylow 2-subgroup S of G contains ed then (ed)” C (ed)‘. Therefore G contains 
a minimal normal subgroup M which is a 2-group, Hence G/M is solvable 
by the minimality of G. 
Recause of (4) and (5), the hypothesis of Theorem 2 is verified. Hence G 
is solvable. 
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Remark 4.1. Let F be the Frobenius group of order 5” . 23 . 3 with 
quaternion Sylow 2-subgroup and D ;i 1 a class of conjugate 3-elements. 
Then 
p T {D} z F’jd] for d t I) 
and d normalizes exactly one Sylow p-subgroup of F for p = 2, 3, 5. But 
F’ is not nilpotent. 
5. PRooF 0F THEOREM 4 
LEMMA 5.1. Let p be a prime, N a prope,er normal subgroup of the solvable 
group G, and d a p-element of G such that 
(a) G = ;V{d] und N n (d] 1; 
(b) ifs and R are different Sylow p-subgroups of G then S n R is contained 
in N. 
Then S is p-closed. 
P~ooj1 Let G be group of minimal order such that Lemma 5.1 is false. 
Because of (a), d has order p. Let M be a minimal normal subgroup of G 
which is contained in N. Then (a) and (b) are true for G/M. Hence N/M is 
p-closed by the minimality of G, and N contains exactly one minimal normal 
subgroup of G. Since M is not a p-group, we get for a Sylow p-subgroup 
P of A- 
G = MP(d). 
Hence C,(M) == 1. If C,(M) f M then 
G = C,(M)P, 
and Z(G) contains an element of order p which is not contained in IL’; hence 
(b) implies in this case that G is nilpotent. Hence 
CJM) = izil. ('1 
Let z be an element of Z(P) of order p. We can assume that z commutes 
with d. The minimality of G and (+ ) imply 
Since {a”} and (d’} are nontrivial normal subgroups of G we get 
M n {,z”} = M n (,z’} == N == M n (dc} = M n {d”}. 
Hence 
1 = C,(z) = C,w(d). 
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Since {z, d) is elementary abelian of order pz, there is an element w in 
{,a, d) which is not contained in A’ such that C,(w) # 1 since G is not a 
Frobeniusgroup (see [I, Satz 4.1 (5)]). 5’ , mce M is a minimal normal subgroup 
of G we get that w is contained in Z(G). Th’ is is impossible because of (b). 
We assume now that G is a group of minimal order such that Theorem 4 
is false. Then d is an involution. 
(1) N = G’ = G” is a minimal normal subgroup of G. 
Proof. Let M be a minimal normal subgroup of G contained in N. 
Since M(d) satisfies the hypothesis, the minimality of G implies that M is 
2-closed if M f N. Since M is contained in N, we get that G/M satisfies 
the hypothesis, too. The theorem of Feit and Thompson implies that G is 
solvable. Hence N is 2-closed by Lemma 5.1. This contradiction proves (1). 
Let 5’ be a Sylow 2-subgroup of G containing d, set 
T = [X E G; x2 = I and x $ N]. 
(2) If U is a proper subgroup of G with 
/ i7nTn.S ;:2 
then U normalizes S n N. 
Proof. We can assume that U is a maximal subgroup of G. Let Q be a 
Sylow 2-subgroup of U. We can assume that Q contains d. Then 
since d is contained in S and in no other Sylow 2-subgroup of G. The 
minimality of G implies that N n U is 2-closed. Let R be Sylow 2-subgroup 
of N n U. Since U contains different elements of T n S, we get R # I. 
Since U is maximal we get from (I) 
NJR) = U. 
Xow, R = Q n N implies that R is a Sylow 2-subgroup of N. Hence 
R=SnN. 
(3) If x is an involution of G then x is contained in T. 
Proof. Let x be an involution of G which is not contained in I‘. Since T 
is a normal complex of G, we get for an element t of T n S that xt has even 
order. Since {x, t} is a dihedral group, there is exactly one involution at in 
Z({x, t}) different from x and t. Then zt is contained in S. Assume 
%&4) = t for each tin Tn S. 
481/I-8 
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Then zt is not contained in N and Z(S) n n IV = 1. Therefore ;V has odd 
order. This contradiction proves that T n S contains an element w such that 
Hence (2) proves 
Therefore 
x E Cc(xIL’) c 1\-(Js n N). 
{x”} C NG(S n N). 
Since S normalizes N n S we get together with (I) 
N,(S n N) 2 {S, xc} 2 (S, G’} = G. 
Hence 5’ n N is a normal 2-subgroup of G. This contradiction proves that 
x is contained in T. 
But (3) implies that N has odd order, hence N is 2-closed. 
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